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The general equation or, radiative transfer in a plane
parallel scattering atmosphere is

it )= 1,0 ) = Sultys 1, §) — 2
F"afv Tv,p,(b—,,'r,,,u,qb vl Ty My . t:‘s DJF,]:‘U.SL:
2 1 — e /N
' f f Py, 1, &, 870y 'y &) du’ dg’ (1) INTENSITY
0 J-s cASE o
Here p is the cosine of the angle at which the intensity, I, is SolAr ARADVIAT/Iv

observed with the angle measured from the outward surface
normal, 7 is the optical depth measured along the zenith
direction beginning at the top of the atmosphere, wy is the

single scattering albedo, P is the scattering phase function,
and vis the frequency.
For an emitting atmosphere,

Sve = (1 - CIJQ)B-,,(T) (2)

while for a purely external source at solar wavelengths,

— ol A
S,,,=-‘:#'"F,,,Pum, ~ko b, ¢ exp (~7jug) () €< DiRrscT
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Equation (1) may be integrated over azimuth and zenith
angle to yield

IFT 1, 1 1 ,
T =% I;(Tmfu')dju:—j f Pv(ﬂ',f-"}
9Ty 0 2 Jy -1

pi 1
© I(ry, u') dp dp’ *Tf f Sulry) du’ d¢’ (4)
0 0

where the diffusive flux in the upward (downward) direction
is

1
Ff=f#-’;{'rm ) dp ®)
0

The azimuthally integrated intensity is

2w 7 o l
i f L, S, 65 ®
0



while

1 27
f f Sve(r) db" dp’ = 2w(1 — wg) By(T) (€)]
0 0
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Here v, and vy, are coefficients which depend upon the
particular form of the two-stream equation. Table 1 presents
the values of y; and v, for some common two-stream
approximations. We anticipate a multiple-layer solution by

—3

PHJ}Q o= CoupP LED DIFFErRENTIAL &RS .

7\ 0O ‘f"’“ftf

labeling the flux by n, the layer number.

TABLE 1. Summary of Coefficients in Selected Two-Stream Approximations

Method* 4! 72 vt Hy
Eddington [7 = w4 + 3g)1/4 —[1 — wy(4 - 3g))/4 (2 = 3gug)id 12
Quadrature (V202 — wo(l + 212 w321 - g2 [1- (3)%3#0]f2¢ 132
Hemispheric mean 2 - wy(l + g) wo(l — 2) 12

*The Eddington and quadrature schemes are discussed in detail b
by assumning that the phase function is e

hemisphere. The asymmetry parameter is g.

T'ﬁ =1- Y3.

#Only needed for solar wavelengths. However, the hemispheric mean is only useful for infrared wavelengths.

For the solar beam,
S = y3mwF,wq exp [—(7. + 7)/pq] (13)

§7 = y4mFwg exp [~ (7. + )/ o) (14)

where y; and vy, are coefficients which depend on the
two-stream equations used [Meador and Weaver, 1980].
Some examples are given in Table 1. When multiple layers
are used, 7, is the cumulative optical depth of layers above
layer n.

Equations (11) and (12) admit to simple solutions for any
function S that can be written as any linear combination of 7,
exponentials in 7, or sines and cosines of r. The Planck
function can often be approximated in such a fashion. Then
one can solve (11) and (12) for the infrared with

ST =57 =271 - wg)B(7) (15)

where B is the Planck function expressed in terms of the

layer optical depth.
YRR

Y Meador and Weaver [1980]. The hemispheric mean scheme is derived
qual to | + g in the forward scattering hemisphere and to 1 — g in the backward scattering

ASsuma THaT B(T) = —emmmmgm S, + [5,,C
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F.7(1)=kn xp (A7) + Tpkz, €Xp (—A,7) +C, (1) (19)
Fo(r)=T ki, exp (A 1)+kay exp (=A,7)+C, (7) (20

These expressions, which again have a layer index n, apply
for all cases except those in which wy is exactly unity. In this
case the homogeneous part of the solutions reduces to linear
functions of . It can be shown that as w, approaches unity,
then (19) and (20), when coupled with the boundary condi-
tions, approach these linear solutions.

The terms k; and k, in (19) and (20) are determined by
boundary conditions, while A and I depend upon the form of
the two-stream equation used.

s igi=gf 1)

Y2 Yi—A
s T
(y1+4) Y2

(22)

» Sb]uT_'f*HJ

= XAMPLE oF B ooun DA/’L)/ Con/ D) Tlow J

ONE LA YER Gosn  Son An

S

I (T=e) = o (Noe D/iF Fuse rAD/ANnon &

AT T 0/ o F ATHMuod P/

.So,ar-)

N = N L (T

IQ. }'hLv‘-(/\J—.SUy"J-U-&_A-

O == QS_ B(T;))mrmj

WiTH Mul/TipLe Lﬂ)fEﬂ.S)
—+
‘C)ONT}NU!TY ch:.' I"—' AT_

BoUNDARIES

L )38 7 o

ReQuire

I T= 210



Sol A

For solar radiation,
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_ womF; exp [— (7o + W poll(y1+ Vo) vaty2ysl
Cln)= I_1/,,2
AT=1Upd)
(24)
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TABLE 2. Limiting Cases for Various Approaches

8-Hemispheric Source
Case &Quadrature &-Eddington Mean Function
Solar
wy = 1, flux conserved yes yes yes =
wy = 0, lux down exact yes maybet yes
Infrared
wy = 0, fluxes exact no no no yes
wy=0,7=09, no no yes yes
emissivity = 1
wy = 1, flux conserved yes yes yes yes

*The source function technique is not considered here at solar wavelengths.
tMaybe is exact if no reflecting surfaces are present.
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TABLE 4. Erors in Diffusively Transmitted and Reflected Boundary Fluxes
Case Number
I 2 3 4 5
Parameters for Case
o 1 1 0.5 1 1
T 1 1 1 64 64
w 1 0.9 0.9 1 0.9
g 0.794 0.794 0.794 0.848 0.848
Results for Case

F*(0) exact 0.173 0.124 0.226 2.662 0.376
F*(0) approximate 0.174 0.133 0.221 2.686 0.376
% error (F™) 0.6 7 2 0.9 0
F~ (1) exact 1.813 1.516 0.803 0.480 0.0000
F~(7) approximate 1.812 1.522 0.864 0.455 0.000
% error (F~) 0 0.3 8 5 0

In all of the cases, Ry, = 0, and F,; = 1 so that the incident solar flux equals #. Exact values are from Wiscombe [1977) or Lenoble [1985].

TABLE 5. Errors in Net Flux and Flux Divergence for Muitiple Layers

Case | Case 2 Case 3 Case 4 Case 5
T Level Flux Divergence Flux Divergence Flux Divergence Flux Divergence Flux Divergence
r=0 2.968 0 3.018 0.0017 1.345 0.019 0.480 0 2.776 1.161
= 2.967 0 3.009 0.0017 1.350 0.018 0.455 0 2.766 1.161
=0 (0.03) (0) 0.3) (1)) (0.3) (6)] (5 (0) [(0)] (0)
720 2.968 0 3.001 0.0018 1,326 0.020 0.480 0 1.605 0.775
20 2.967 0 2.992 0.0017 1.332 0.017 0.455 0 1.605 0.783
720 (0.03) 0) (0.3) &) (0.5) (15) (&) (0) (0) (1)
10 2.968 0 2.983 0.0035 1.306 0.040 0.480 0 0.830 0.634
710 2.967 0 2.975 0.0034 1.315 0.032 0.455 0 0.822 0.639
710 (0.03) ()] (0.3) 3) 0.7) (20) (3) (V)] (n (1)
5 2.968 0 2.948 0.1060 1.266 0.109 0.480 0 0.196 0.194
3 2.967 0 2.941 0.1010 1.283 0.088 0.455 0 0.183 0.182
5 (0.03) 0 (0.2) 4 ( (19) (5) @ @) G)]
2 2.968 0 2.842 0.0870 1.157 0.078 0.480 0 0.0022 0.0021
2 2.967 0 2.840 0.0820 1.195 0.064 0.455 0 0.0013 0.0013
2 (0.03) (0) (0.1) (6) (1) (13) 5 ()] (40) (39)
34 2.968 0 2.755 0.0840 1.079 0.063 0.480 0 0.0001 0.0001
344 2.967 0 2.758 0.0810 1.131 0.054 0.455 0 0.00002 0.00002
344 (0.03) )] 0.1) 4) %) (14) (5) ) (80) (80)
T 2.968 2.671 1.016 0.480 0.0000
T - 2.967 2.677 1.077 0.455 0.0000
- ©0.03) 2y ) gy e oy -

First value i Is exact, second value is S-quadrature result, and percent error is in parentheses. Net flux is at optical dcpth indicated.
Divergence is for layer between adjacent optical depth levels. Cases and  are defined in Table 4.
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calculated precisely [Hunt, 1973] as well as the errors in calculating the emissivity with the §-hemispheric mean
technique (8H), the §-Eddington technique (5E), and the source function technique in which the &-hemispheric mean
approach is used to obtain the two-stream approximation to the source function. For the source function technique,
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Fig. 1. Shown in each segment of the figure are the emissivity (E) for an isothermal multiple-scattering layer as ;
i

results are shown for Gauss quadratures using both three (SF3) and eight (SF8) Gauss points to obtain the fluxes. The
left-hand scale applies to the emissivity and the right-hand scale to the error (in percent). The various panels cover a
range of values for the asymmetry parameter and the single scattering albedo. The sign of the error is a function of both
the technique and the optical depth. In order to emphasize the magnitude of the error in a clear manner, only the
absolute value of the error is shown.
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